The Turaev genus of a knot is an obstruction to the knot being alternating. An adequate knot is a generalization of an alternating knot. A natural problem is a characterization of the Turaev genus of an adequate knot. In this paper, we show that the Turaev genus of an adequate knot is realized by the genus of the Turaev surface associated to an adequate diagram of the knot using the Khovanov homology. As a result, we obtain the additivity of the Turaev genus of adequate knots, and show that the Turaev genus of an adequate knot is "often" preserved under mutation. We also show that an n-semi-alternating knot is of Turaev genus n. This is the first examples of adequate knots of Turaev genus two or more.
Introduction
The Jones polynomial provided a solution of the Tait conjecture, which states that a reduced alternating link diagram has minimal crossing number [10, 19, 24] . Furthermore, Murasugi [19] and Thistlethwaite [24] proved that a minimal crossing diagram of a prime alternating link is reduced alternating. To give a simple proof of these results, Turaev [26] introduced a surface associated to a connected link diagram, now called the Turaev surface associated to the diagram. We denote by g T (D) the genus of the Turaev surface associated to a connected link diagram D. Dasbach et al. [9] introduced the notion of the Turaev genus g T (L) of a non-split link L which is defined to be the minimal number of g T (D) associated to diagrams D of the link L. They showed that a non-split link L is alternating if and only if g T (L) = 0. In this sense, the Turaev genus of a non-split link is an obstruction to the link being alternating.
In general, it is difficult to determine the Turaev genus of a non-split link. However, many non-alternating links are known to be of Turaev genus one. For example, non-split almost alternating links which include non-alternating knots of eleven or fewer crossings except 11 n95 and 11 n118 , non-alternating Montesinos links and semi-alternating links are of Turaev genus one [2] .
Lickorish and Thistlethwaite [15] [14] ). Another example is an n-semi-alternating diagram which was introduced by Beltrami [6] . An adequate diagram also has minimal crossing number. This result was first proved in [25] using the Kauffman polynomial. Simpler proofs were given in [14] using the Jones polynomial and in [11] using the Khovanov homology. An adequate link is a link which admits an adequate diagram of the link. Note that it is known from [25] that a minimal crossing diagram of an adequate link is also adequate.
The genus of a knot is the minimal genus of any connected compact oriented surface whose boundary is the knot. It is well known that the genus of a knot is additive under connected sum. A remarkable property of the genus is that it may distinguish a knot from a mutant of the original knot. For example, the genus distinguishes the Terasaka-Kinoshita knot from the Conway knot (e.g., see [4] ). A mutant of a link (or a diagram of a link) is defined in Section 2.
In this paper, we show [7] . By Eq. (1.1), we obtain the additivity of the Turaev genus of adequate knots. 
The following corollary suggests that the Turaev genus of a knot might be preserved under mutation. 
Note that we can choose so that K is the Kinoshita-Terasaka knot and K is the Conway knot as a special case of Corollary 3.6. For more details, see Section 4. We also show that an n-semi-alternating knot is of Turaev genus n (Theorem 3.11). This is the first example of a class which contains adequate knots K with g T (K ) 2.
Preliminary
A link is a disjoint union of circles embedded in S 3 , a knot is a link with one component, and a tangle is a 1-manifold properly embedded in a 3-ball. Throughout this paper, all links are oriented. In this section, we recall several definitions and results need later.
The Jones polynomial V L (t) of a link L is a Laurent polynomial in t
1/2 with integer coefficients (e.g., [14] ). We denote by 
A mutation is an operation on a link (resp. a diagram) that can produce different links (resp. diagrams), which are identical except for a ball (resp. a disc) and differs by π rotation of a tangle with 4-ends (resp. tangle diagram with 4-ends)
in one of the following ways (see Fig. 2 ). The resulting links (resp. diagrams) are called mutants of the original link (resp. the original diagram). One can easily see that the following lemma holds.
Lemma 2.2. A mutant of an adequate diagram is adequate.
Remark 2.3. We do not know whether a mutant of an adequate link is adequate. We recall the Turaev surface associated to a connected link diagram (see [8, 9] or [16] ). The Turaev genus is closely related to algebraic invariants. For a non-split link L, Bae and Morton [5] and Dasbach et al. [9] showed
For a knot K , Manturov [18] and Champanerkar, Kofman and Stoltzfus [7] showed
Note that Lowrance found an analogue for the homological width of the Floer homology of a knot [16] .
The n-braid group B n , n ∈ Z >0 , is a group which has the following presentation:
.
An n-braid is a representative of an element of B n . The (p, q)-torus link T (p, q) is the closure of the braid (σ p−1 · · · σ 1 ) q . It is well known that the only alternating torus links are those of type (2, q) .
The dealternating number dalt(L) of a link L is also an obstruction to the link being alternating, which is defined to be the minimal number of crossing changes needed to convert a diagram of L into an alternating diagram. A link with dalt(L) = 1 is called almost alternating and Adams et al. [3] showed that an almost alternating knot is either a torus knot or a hyperbolic knot. The author [1] and Stošić [23] independently confirmed that the only almost alternating torus knots are T (3, 4) and T (3, 5) . In [2] , we showed that the Turaev genus of a non-split link L is bounded above by the dealternating number of L,
Note that a non-split almost alternating link is of Turaev genus one by the inequality (2.3). Therefore T (3, 4) and T (3, 5) are also of Turaev genus one.
Remark 2.5. In [23] , Stošić showed that ω K h (K ) 4 for a non-alternating torus knot K other than T (3, 4) and T (3, 5) . This implies that g T (K ) 2 by the inequality (2.2). Therefore a torus knot K is of Turaev genus one if and only if K = T (3, 4) or T (3, 5) .
The Turaev genus of an adequate knot
In this section, we prove Theorem 3.2 and its corollaries. The following key lemma was implicitly stated and proved by Khovanov [12] . We give a proof of the lemma again in Appendix A, which is slightly different from Khovanov's. We use the method for calculating Khovanov homology, which was developed in [23] and [27] .
Lemma 3.1. ([12]) Let K be a knot which admits an adequate diagram D. Then

1/2 c(D) − |s A D| − |s B D| + 3 ω K h (K ).
By Lemma 3.1, we obtain the following.
Theorem 3.2. Let K be a knot which admits an adequate diagram D. Then g T (K )
Proof. We have the following chain of inequalities:
Here these inequalities follow from the definition of the Turaev genus of a knot, Proposition 2.4, Lemma 3.1 and the inequality (2.2). Therefore all the above inequalities are in fact equalities. The remaining equality in the statement of this theorem, namely that regarding c(K ) − span V K (t), follows at once from Proposition 2.1. 2
The following is a direct corollary of Theorem 3.2.
Corollary 3.3. Let K be a knot which satisfies one of the following inequalities
Then K is not adequate. Remark 3.4. The inequality (3.1) is relatively effective. For example, the inequality (3.1) holds all non-adequate knots up to 11 crossings. Manolescu and Ozsváth [17] introduced a class of quasi-alternating knots, which includes alternating knots. For the definition of a quasi-alternating knot, see [17] . Let K be a quasi-alternating knot. Then ω K h (K ) = 2 [17] . If K is not alternating, then K is not adequate by inequality (3.2). Equivalently, non-alternating adequate knot is not quasi-alternating.
We obtain the additivity of the Turaev genus of adequate knots. 
The following corollary suggests that the Turaev genus of a knot might be preserved under mutation.
Corollary 3.6. Let K be a knot admitting an adequate diagram D and K a knot which has a mutant of D. Then g T (K ) = g T (K ).
Proof. 
By Lemma 2.2, D is an adequate diagram. Thus we have g T (D ) = g T (K ). 2
We recall the definition of an n-semi-alternating link [6] and prove Theorem 3.11. An n-tangle diagram is a tangle diagram with 2n ends. An n-tangle diagram is strongly alternating if each of two planar closures of the tangle diagram which connects adjacent two ends of the tangle diagram (see Fig. 5 ). An n-semi-alternating diagram D is a non-alternating diagram which is a "sum" of two strongly alternating (n + 1)-tangle diagrams by gluing 2n + 2 ends as in Fig. 6 , where n is a positive
integer. An n-semi-alternating link [6] is a link which has an n-semi-alternating diagram. For a tangle diagram, there are many possible planar closures 2 of the tangle diagram in general. The diagram in Fig. 6 is one of possible closures of a 4-tangle diagram. 2 The number of possible closures of the tangle diagram is the n-th Catalan number, which is equal to 2n n /(n + 1). 
Lemma 3.7. If an n-tangle diagram is strongly alternating, then any planar closure of the tangle diagram is connected reduced alternating.
Proof. If there exists a planar closure X of the tangle diagram which is not connected, then there exists a loop l in S 2 \ X separating S 2 each containing part of X . One of the two planar closures of the tangle diagram which connects adjacent two ends of the tangle diagram has no intersection with l. This is a contradiction. is an n-semi-alternating link (see Fig. 7 ).
A semi-alternating diagram is adequate [15] . We show that an n-semi-alternating diagram is adequate since no proof was given in [6] . The proof is essentially the same as that of Proposition 4 in [15] . . This means that X is not adequate. On the other hand, X is a reduced alternating diagram by Lemma 3.7. Thus X is adequate. This is a contradiction. 2
The following proposition was proved for the case n = 1 in [15] . We also generalize this result to an n-semi-alternating link. 2
Finally, we prove the following. 
Proof. By Theorem 3.2 and Proposition 3.10, we have g T (K ) = c(K ) − span V K (t) = n. Let D be an n-semi-alternating diagram of K . By deforming D as in Fig. 10 , one can easily see that dalt(K ) n. By the inequality (2.3), we obtain n = g T (K ) dalt(K ) n. 2
Questions on the Turaev genus of a knot Question 1. For any knot K , is it true that g T (K ) = dalt(K )?
This equality holds for alternating knots, almost alternating knots which includes non-alternating Montesinos knots and semi-alternating knots, knots up to 11 crossings except 11 n95 and 11 n118 , the (3, q)-torus knots [2] and n-semi-alternating knots (Theorem 3.11). 
Question 2. Is the Turaev genus of a knot invariant under mutation?
The Turaev genus of a knot is invariant under mutation for alternating knots, Montesinos knots and torus knots since a mutant of an alternating knot is an alternating knot [22] , a mutant of a Montesinos knot is a Montesinos knot [22] and a torus knot is unchanged by mutation for the fundamental group considerations [20] .
Let K T r,n be a Kinoshita-Terasaka knot (see [21] ), indexed by integer |r| > 1 and n > 0 and C r,n be the Conway knot, which is obtained from K T r,n by mutation. As suggested in [15] , these knots are semi-alternating. Thus we have g T (K T r,n ) = g T (C r,n ) = 1.
Question 3. Is the Turaev genus of a knot additive under connected sum, that is, does the equality g T (K
A partial result is Corollary 3.5.
